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EXPLICIT HARMONIC MORPHISMS AND
p-HARMONIC FUNCTIONS ON GRASSMANNIANS
ELSA GHANDOUR AND SIGMUNDUR GUDMUNDSSON
Abstract. In this work we apply the so-called method of eigenfamilies
to construct explicit complex-valued harmonic morphisms and proper
p-harmonic functions on the compact complex and quaternionic Grass-
mannians.
1. Introduction
For nearly two centuries mathematicians and physicists have been inter-
ested in biharmonic functions. They appear in several fields such as contin-
uum mechanics, elasticity theory, as well as two-dimensional hydrodynamics
problems involving Stokes flows of incompressible Newtonian fluids. Bihar-
monic functions have a rich and interesting history, a survey of which can
be found in the article [13]. The literature on biharmonic functions is vast,
but with only very few exceptions the domains are either surfaces or open
subsets of flat Euclidean space, see for example [3]. The development of the
last few years has changed this situation and can be traced at the regularly
updated online bibliography [5], maintained by the second author.
The main aim of this work is to construct explicit complex-valued har-
monic morphisms and p-harmonic functions on the complex and quater-
nionic Grassmannians Gp(C
p+q) and Gp(H
p+q), respectively. These are
much studied Riemannian symmetric spaces of compact type. For this we
have two seperate methods, the first presented in our Section 3 and the sec-
ond in Section 4. The main ingredients for both recipes are the so-called
eigenfunctions, see Definition 2.1, which have turned out to be useful in other
situations in the past. Due to a natural lifting property we also obtain solu-
tions on the associated flag manifolds as a biproduct. Finally, we show how
a general duality principle yields solutions on the Riemannian symmetric
spaces of non-compact type dual to Gp(C
p+q) and Gp(H
p+q), respectively,
see Section 9.
2. Eigenfunctions and Eigenfamilies
In this paper we manufacture explicit complex-valued harmonic mor-
phisms and proper p-harmonic functions. For this we apply two different
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construction techniques which are presented in Theorem 3.4 and the re-
cent Theorem 4.2, respectively. The main ingredience for both these recipes
are the common eigenfunctions of the tension field τ and the conformality
operator κ which we will now describe.
Let (M,g) be an m-dimensional Riemannian manifold and TCM be the
complexification of the tangent bundle TM of M . We extend the metric g
to a complex-bilinear form on TCM . Then the gradient ∇φ of a complex-
valued function φ : (M,g) → C is a section of TCM . In this situation, the
well-known complex linear Laplace-Beltrami operator (alt. tension field) τ
on (M,g) acts locally on φ as follows
τ(φ) = div(∇φ) =
m∑
i,j=1
1√
|g|
∂
∂xj
(
gij
√
|g|
∂φ
∂xi
)
.
For two complex-valued functions φ,ψ : (M,g) → C we have the following
well-known fundamental relation
τ(φ · ψ) = τ(φ) · φ+ 2 · κ(φ,ψ) + φ · τ(ψ), (2.1)
where the complex bilinear conformality operator κ is given by
κ(φ,ψ) = g(∇φ,∇ψ).
Locally this satisfies
κ(φ,ψ) =
m∑
i,j=1
gij ·
∂φ
∂xi
∂ψ
∂xj
.
Definition 2.1. [8] Let (M,g) be a Riemennian manifold. Then a complex-
valued function φ : M → C is said to be an eigenfunction if it is eigen
both with respect to the Laplace-Beltrami operator τ and the conformality
operator κ i.e. there exist complex numbers λ, µ ∈ C such that
τ(φ) = λ · φ and κ(φ, φ) = µ · φ2.
A set E = {φi : M → C | i ∈ I} of complex-valued functions is said to be
an eigenfamily on M if there exist complex numbers λ, µ ∈ C such that for
all φ,ψ ∈ E we have
τ(φ) = λ · φ and κ(φ,ψ) = µ · φ · ψ.
Proposition 2.2. Let (M,g) be a Riemannian manifold and the set E, of
complex-valued functions, be an eigenfamily on M with real eigenvalues λ
and µ. Then its conjugate E¯ and their union E ∪ E¯ are both eigenfamilies
with the same eigenvalues.
Proof. The statement is a direct consequence of the fact that the tension
field τ and the conformality operator κ are complex linear and bilinear,
respectively. 
The next simple example tells us that the condition of real eigenvalues,
in Proposition 2.2, is necessary.
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Example 2.3. Let M be the real line and define the complex-valued func-
tion f : R→ C with
f(t) = e(1+i)t.
Then the tension field τ and the conformality operator κ on R satisfy
τ(f) = (1 + i)2 · f, τ(f¯) = (1− i)2 · f¯ ,
κ(f, f) = (1 + i)2 · f2 and κ(f¯ , f¯) = (1− i)2 · f¯2.
This shows that the functions f and f¯ can not belong to the same eigen-
family.
With the following result we show that a given eigenfamily E can be used
to produce a large collection Hd
E
of such objects.
Theorem 2.4. Let (M,g) be a Riemannian manifold and the set of complex-
valued functions
E = {φi :M → C, | i = 1, 2, . . . , n}
be an eigenfamily i.e. there exist complex numbers λ, µ ∈ C such that for all
φ,ψ ∈ E
τ(φ) = λ · φ and κ(φ,ψ) = µ · φ · ψ.
Then the set of complex homogeneous polynomials of degree d
HdE = {P :M → C |P ∈ C[φ1, φ2, . . . , φn], P (α · φ) = α
d · P (φ), α ∈ C}
is an eigenfamily on M such that for all P,Q ∈ Hd
E
we have
τ(P ) = (d · λ+ d(d − 1) · µ) · P and κ(P,Q) = d2 · µ · P ·Q.
Proof. The tension field τ is linear and the conformality operator κ is bi-
linear. For this reason it is suffcient to prove the result for nomials only.
Furthermore, because of the symmetry of κ we need only to pick P and Q
of the form P = φd1 and Q = φ
d
2. Then
κ(P,Q) = κ(φd1, φ
d
2) = d · φ
d−1
1 · κ(φ1, φ2) · d · φ
d−1
2 = d
2 · µ · P ·Q.
For φ ∈ Hd
E
, we know that τ(φ) = λ · φ so the first statement is satisfied for
d = 1. It then follows by the induction hypothesis that
τ(φd+1) = τ(φd)φ+ 2κ(φd, φ) + φd τ(φ)
= (d · λ+ d(d− 1) · µ)φd+1 + 2 · d · µ · φd+1 + λ · φd+1
= (d+ 1) · λ+ (d+ 1)d · µ) · φd+1.

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3. Harmonic Morphisms
In this section we discuss the much studied harmonic morphisms between
Riemannian manifolds. In Theorem 3.4 describe how these can be con-
structed, via eigenfamilies, in the case when the codomain is the standard
complex Euclidean plane.
Definition 3.1. [4],[12] A map φ : (M,g) → (N,h) between Riemannian
manifolds is called a harmonic morphism if, for any harmonic function f :
U → R defined on an open subset U of N with φ−1(U) non-empty, f ◦ φ :
φ−1(U)→ R is a harmonic function.
The standard reference for the extensive theory of harmonic morphisms
is the book [2], but we also recommend the updated online bibliography [5].
The following characterisation of harmonic morphisms between Riemannian
manifolds is due to Fuglede and Ishihara, see [4], [12]. For the definition of
horizontal (weak) conformality we refer to [2].
Theorem 3.2. [4], [12] A map φ : (M,g) → (N,h) between Riemannian
manifolds is a harmonic morphism if and only if it is a horizontally (weakly)
conformal harmonic map.
When the codomain is the standard Euclidean complex plane a function
φ : (M,g) → C is a harmonic morphism i.e. harmonic and horizontally
conformal if and only if τ(φ) = 0 and κ(φ, φ) = 0. This explains why κ is
called the conformality operator.
The following result gives the theory of complex-valued harmonic mor-
phisms a strong geometric flavour. It provides a useful tool for the con-
struction of minimal submanifolds of codimention two. This is our main
motivation for studying these maps.
Theorem 3.3. [1] Let φ : (M,g) → (N2, h) be a horizontally conformal
map from a Riemannian manifold to a surface. Then φ is harmonic if and
only if its fibres are minimal at regular points φ.
The next result shows that eigenfamilies can be utilised to manufacture
a variety of harmonic morphisms.
Theorem 3.4. [8] Let (M,g) be a Riemannian manifold and
E = {φ1, . . . , φn}
be an eigenfamily of complex-valued functions on M . If P,Q : Cn → C are
linearily independent homogeneous polynomials of the same positive degree
then the quotient
P (φ1, . . . , φn)
Q(φ1, . . . , φn)
is a non-constant harmonic morphism on the open and dense subset
{p ∈M | Q(φ1(p), . . . , φn(p)) 6= 0}.
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4. Proper p-Harmonic Functions
In this section we describe a method for manufacturing complex-valued
proper p-harmonic functions on Riemannian manifolds. This method was
recently introduced in [10].
Definition 4.1. Let (M,g) be a Riemannian manifold. For a positive inte-
ger p, the iterated Laplace-Beltrami operator τp is given by
τ0(φ) = φ and τp(φ) = τ(τ (p−1)(φ)).
We say that a complex-valued function φ : (M,g)→ C is
(i) p-harmonic if τp(φ) = 0, and
(ii) proper p-harmonic if τp(φ) = 0 and τ (p−1)(φ) does not vanish iden-
tically.
The proof of Theorem 4.2 can be found in [10], but here we now explain the
basic idea: Let φ : (M,g)→ C be a complex-valued function and f : U → C
be holomorphic, defined on an open subset U of C containing the image
φ(M) of φ. Then it is a direct consequence of the chain rule that the
composition Φ = f ◦ φ : (M,g)→ C is harmonic if and only if
τ(Φ) = τ(f ◦ φ) = f ′′(φ)κ(φ, φ) + f ′(φ) τ(φ) = 0. (4.1)
This differential equation seems difficult, if not impossible, to solve in gen-
eral. But as we will now see, this problem can actually be solved when
φ : (M,g) → C is an eigenfunction in the sense of Definition 2.1. In that
case the equation (4.1) takes the following form
τ(Φ) = τ(f ◦ φ) = µφ2 f ′′(φ) + λφ f ′(φ) = 0.
Thus, Φ will be harmonic if and only if f satisfies the complex ordinary
differential equation
µ z2 f ′′1 (z) + λ z f
′
1(z) = 0,
which can be solved by elementary methods.
Theorem 4.2. [10] Let φ : (M,g) → C be a complex-valued function on a
Riemannian manifold and (λ, µ) ∈ C2 \ {0} be such that the tension field τ
and the conformality operator κ satisfy
τ(φ) = λ · φ and κ(φ, φ) = µ · φ2.
Then for any positive natural number, the non-vanishing function
Φp :W = {x ∈M | φ(x) 6∈ (−∞, 0]} → C
with
Φp(x) =


c1 · log(φ(x))
p−1, if µ = 0, λ 6= 0
c1 · log(φ(x))
2p−1 + c2 · log(φ(x))
2p−2, if µ 6= 0, λ = µ
c1 · φ(x)
1−λ
µ log(φ(x))p−1 + c2 · log(φ(x))
p−1, if µ 6= 0, λ 6= µ
is a proper p-harmonic function. Here c1, c2 are complex coefficients.
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5. Lifting Properties
We shall now present an interesting connection between the theory of
complex-valued p-harmonic functions and the notion of harmonic morphisms.
Proposition 5.1. Let pi : (Mˆ, gˆ)→ (M,g) be a submersive harmonic mor-
phism between Riemannian manifolds. Further let f : (M,g) → C be a
smooth function and fˆ : (Mˆ, gˆ) → C be the composition fˆ = f ◦ pi. If
λ : Mˆ → R+ is the dilation of pi then the tension fields τ and τˆ satisfy
τ(f) ◦ pi = λ−2τˆ(fˆ) and τp(f) ◦ pi = λ−2τˆ(λ−2τˆ (p−1)(fˆ))
for all positive integers p ≥ 2.
Proof. The harmonic morphism pi is a horizontally conformal, harmonic
map. Hence the well-known composition law for the tension field gives
τˆ(fˆ) = τˆ(f ◦ pi)
= trace∇df(dpi, dpi) + df(τˆ(pi))
= λ2τ(f) ◦ pi + df(τˆ(pi))
= λ2τ(f) ◦ pi.
For the second statement, set h = τ(f) and hˆ = λ−2 · τˆ(fˆ). Then hˆ = h ◦ pi
and it follows from the first step that
τˆ(λ−2τˆ(fˆ)) = τˆ(hˆ) = λ2τ(h) ◦ pi = λ2τ2(f) ◦ pi,
or equivalently,
τ2(f) ◦ pi = λ−2τˆ(λ−2τ(fˆ)).
The rest follows by induction. 
In the sequel, we shall often employ the following immediate consequence
of Proposition 5.1.
Corollary 5.2. Let pi : (Mˆ , gˆ) → (M,g) be a submersive harmonic mor-
phism between Riemannian manifolds with constant dilation. Further let
φ : (M,g)→ C be a smooth function and φˆ : (Mˆ , gˆ)→ C be the composition
φˆ = φ ◦ pi. Then the following statements are equivalent
(a) φˆ : (Mˆ , gˆ)→ C is proper p-harmonic,
(b) φ : (M,g)→ C is proper p-harmonic.
Proof. It follows from Proposition 5.1 that for any positive integer p we have
τp(f) ◦ pi = λ−2pτp(fˆ).
The statement is a direct consequence of these relations. 
Example 5.3. Let (M,g) be a Riemannian symmetric space of non-compact
type. Let G be the connected component of its compact, semisimple isom-
etry group containing the neutral element e ∈ G. Let K be the maximal
compact subgroup of G and g = k ⊕ p be the Cartan decomposition of the
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Lie algebra g of G, where k is the Lie algebra of K. Then the Killing form
B of g induces a left-invariant metric on G such that the natural projection
pi : G→ G/K
is a Riemannian submersion with totally geodesic fibres. Hence pi is a har-
monic morphism with constant dilation Λ ≡ 1, so Corollary 5.2 applies in
these important cases.
6. Complex Grassmannians
In this section we construct new eigenfamilies on the complex Grassman-
nian Gp(C
p+q) of complex p-dimensional subspaces of Cp+q. This is often
presented as the quotient SU(p+ q)/S(U(p)×U(q)), where p ≤ q. For our
calculations we prefer the alternative description
U(p+ q)/U(p)×U(q).
The unitary group U(p+ q) is the compact subgroup of GLp+q(C) given
by
U(p+ q) = {z ∈ GLp+q(C)| z · z
∗ = Ip+q},
with its standard matrix representation
z =


z11 z12 · · · z1,p+q
z21 z22 · · · z2,p+q
...
...
. . .
...
zp+q,1 zp+q,2 · · · zp+q,p+q

 .
In this situation we have the following fundamental ingredient for our recipe.
Lemma 6.1. [8] For 1 ≤ j, α ≤ p+q, let zjα : U(p+q)→ C be the complex-
valued matrix coefficients of the standard representation of U(p + q) given
by
zjα : z 7→ ej · z · e
t
α,
where {e1, . . . , ep+q} is the canonical basis for C
p+q. Then the following
relations hold
τ(zjα) = −(p+ q) · zjα and κ(zjα, zkβ) = −zjβ · zkα. (6.1)
Let Πp,q denote the set of permutations pi = (r1, r2, . . . , rp) such that
1 ≤ r1 < r2 < . . . , rp ≤ p+ q and φˆpi : U(p + q)→ C be the following p× p
submatrix of z associated with pi
φˆpi(z) = det


zr1,1 . . . zr1,p
...
. . .
...
zrp,1 . . . zrp,p

 .
We are now ready to present the main results of this section. They provide
us with a large collection of eigenfamilies of complex-valued functions on the
unitary group U(p+ q) and complex Grassmannian Gp(C
p+q).
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Theorem 6.2. The set Eˆp = {φˆpi |pi ∈ Πp,q} of complex-valued functions is
an eigenfamily on the unitary group U(p + q), such that for all φˆ, ψˆ ∈ Eˆp
τ(φˆ) = −p(q + 1) · φˆ and κ(φˆ, ψˆ) = −p · φˆ · ψˆ.
Proof. Let φˆ and ψˆ be two elements of Eˆp of the form
φˆ(z) = det


zr1,1 . . . zr1,p
...
. . .
...
zrp,1 . . . zrp,p

 , ψˆ(z) = det


zs1,1 . . . zs1,p
...
. . .
...
zsp,1 . . . zsp,p

 .
Using the Levi-Civita symbol εi1...ip we have the standard expression for the
determinants
φˆ(z) =
rp∑
i1...ip=r1
εi1...ipzi1,1 . . . zip,p and ψˆ(z) =
sp∑
j1,...,jp=s1
εj1...jpzj1,1 . . . zjp,p .
Then applying the tension field to the function φˆ we yield
τ(φˆ) =
rp∑
i1...ip=r1
εi1...ip
{
τ(zi1,1) · zi2,2 . . . zip,p + · · · + zi1,1 . . . τ(zip,p)
+2 ·
[
κ(zi1,1, zi2,2) · zi3,3 · · · zip,p + · · ·+
zi1,1 . . . zip−2,p−2 · κ(zip−1,p−1, zip,p) ] } .
By now using the relations
τ(zjα) = −(p+ q) · zjα and κ(zjα, zkβ) = −zjβzkα ,
we obtain
τ(φˆ) = −(p+ q) · p · φˆ
−2
rp∑
i1...ip=r1
εi1...ip
{
zi1,2 · zi2,1 · zi3,3 · · · zip,p + · · ·+
zi1,1 . . . zip−2,p−2zip−1,p · zip,p−1 } .
We note that εi1...il...ik...ip = −εi1...ik...il...ip , for 1 ≤ l, k ≤ p, so
τ(φˆ) = −(p+ q) · p · φˆ
+2
rp∑
i1...ip=r1
εi2i1...ipzi2,1 · zi1,2 · zi3,3 · · · zip,p + · · ·+
εi1...ip−2ipip−1 · zi1,1 . . . zip−2,p−2 · zip,p−1zip−1,p }
and now by just changing the indices we yield
τ(φˆ) = −(p+ q) · p · φˆ+ 2 ·
(
p
2
)
· φˆ = −p · (q + 1) · φˆ.
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The conformality operator satisfies
κ(φˆ, ψˆ) =
rp∑
i1,...,ip=r1
sp∑
j1,...,jp=s1
εi1...ipεj1...jp
{κ(zi1,1, zj1,1)zi2,2 . . . zip,p . . . zj2,2 . . . zjp,p
+κ(zi1,1, zj2,2)zi2,2 . . . zip,pzj1,1zj3,3 . . . zjp,p
...
+κ(zip,p, zjp,p)zi1,1 . . . zip−1,p−1zj1,1 · · · zjp−1p−1}
= −
rp∑
i1,...,ip=r1
sp∑
j1,...,jp=s1
εi1...ipεj1...jp
{zi1,1zi2,2 . . . zip,pzj1,1zj2,2 . . . zjp,p
+ zi1,2zi2,2 . . . zip,pzj1,1zj2,1zj3,3 . . . zjp,p
...
+zi1,1 . . . zip−1,p−1zip,p−1zj1,1 · · · zjp−1,pzjp,p
+zi1,1 . . . zip−1,p−1zip,pzj1,1 · · · zjp−1,p−1zjp,p} .
The term zi1,1 . . . zip,pzj1,1 . . . zjp,p appears p times in the above sum, so
κ(φˆ, ψˆ)
= −p · φˆ · ψˆ
−
rp∑
i1,...,ip=r1
sp∑
j1,...,jp=s1
εi1...ipεj1...jp ·
zi1,2zi2,2 . . . zip,pzj1,1zj2,1zj3,3 . . . zjp,p
...
−
rp∑
i1,...,ip=r1
sp∑
j1,...,jp=s1
εi1...ipεj1...jp ·
zi1,1 . . . zip−1,p−1zip,p−1zj1,1 · · · zjp−1,pzjp,p
But each term in the last equation containing a double sum vanishes. Be-
cause of the symmetry, it is enough to show this, for instance, for the term
rp∑
i1,...,ip=r1
sp∑
j1,...,jp=s1
εi1...ipεj1...jp · zi1,2zi2,2 . . . zip,pzj1,1zj2,1zj3,3 . . . zjp,p. (6.2)
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We have the following property
εi1i2...ipεj1j2...jp = det


δi1j1 δi1j2 . . . δi1jp
δi2j1 δi2j2 . . . δi2jp
...
...
. . .
...
δipj1 δipj2 . . . δipjp

 . (6.3)
Equation (6.2) can be obtained by a simple induction. For p = 2 we have
the following
r2∑
i1,i2=r1
s2∑
j1,j2=s1
εi1i2εj1j2 · zi1,2zi2,2zj1,1zj2,1
=
r2∑
i1,i2=r1
s2∑
j1,j2=s1
[δi1j1δi2j2 − δi1j2δi2j1 ] · zi1,2zi2,2zj1,1zj2,1
=
r2∑
i1,i2=r1
s2∑
j1,j2=s1
zi1,2zi2,2zi1,1zi2,1 − zi1,2zi2,2zi2,1zi1,1
= 0 .
Suppose that (6.2) is true for p − 1 . From (6.3), and by calculating the
determinant according to the first line, we can write
εi1...ipεj1...jp =
p∑
k=1
(−1)1+kδi1jk · εi2...ipεj1...jk−1jk+1...jp . (6.4)
Now by inserting (6.4) into (6.2) and by a simple change of indices we obtain
the result. 
For each permutation pi ∈ Πp,q the complex-valued function φˆpi is invariant
under the left action of U(p) ×U(q) i.e. for all z1 ∈ U(p) ×U(q) we have
φˆpi(z1 · z2) = φˆpi(z2), for all z2 ∈ U(p + q). Hence φˆpi induces a well-defined
function φpi on the quotient space
U(p+ q)/U(p)×U(q).
Theorem 6.3. The set Ep = {φpi |pi ∈ Πp,q} of complex-valued functions on
the complex Grassmannian U(p + q)/U(p) ×U(q) is an eigenfamily, such
that for all φ,ψ ∈ Ep
τ(φ) = −p(q + 1) · φ and κ(φ,ψ) = −p · φ · ψ.
Proof. The natural projection U(p+ q)→ U(p+ q)/U(p)×U(q) is a well-
known Riemannian submersion with totally geodesic fibres and hence a har-
monic morphism with dilation Λ ≡ 1. With this at hand, we see that the
result is an immediate consequence of Proposition 5.1. 
It should be noted that the eigenvalues associated to with the eigenfamily
E in Theorem 6.3 are both real. Then Proposition 2.2 shows that E can be
extended to a larger eigenfamily E ∪ E¯ with exactly the same eigenvalues.
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7. Complex Flag Manifolds
The standard Riemannian metric on the unitary group U(p+ q) induces
a natural metric on the homogeneous complex flag manifold
F(p, q1, . . . , qt) = U(p+ q)/U(p)×U(q1)× · · · ×U(qt),
where q = q1 + · · ·+ qt. We then yield a Riemannian fibration
U(p+ q)→ F(p, q1, . . . , qt)→ Gp(C
p+q).
Let Ep = {φpi |pi ∈ Πp,q} be the set of complex-valued functions on the
Grassmannian Gp(C
p+q) from the previous section. For each element φ ∈ Ep
define the function φ∗ : F(p, q1, . . . , qt)→ C as the composition φ
∗ = φ ◦ pr,
where
pr : F(p, q1, . . . , qt)→ Gp(C
p+q)
is the natural projection. The corresponding function φˆ : U(p + q) → C is
U(p)×U(q)-invariant, so in particular, invariant under the left-action of
U(p)×U(q1)× · · · ×U(qt).
Theorem 7.1. The set E∗p = {φ
∗
pi |pi ∈ Πp,q} of complex-valued functions on
the flag manifold F(p, q1, . . . , qt) is an eigenfamily, such that for all φ
∗, ψ∗ ∈
E∗p
τ(φ∗) = −p(q + 1) · φ∗ and κ(φ∗, ψ∗) = −p · φ∗ · ψ∗.
Proof. The natural projection pr : F(p, q1, . . . , qt)→ Gp(C
p+q) is a harmonic
morphism with dilation Λ ≡ 1. The statement now follows from Proposition
5.1. 
8. Quaternionic Grassmannians
In this section we construct eigenfamilies on the quaternionic Grassman-
nian Gp(H
p+q) of p-dimensional subspaces of Hp+q. This can be presented
as the quotient Sp(p+ q)/Sp(p)× Sp(q), where p ≤ q.
The compact quaternionic unitary group Sp(p + q) is the intersection
of the unitary group U(2p + 2q) and the standard representation of the
quaternionic general linear group GLp+q(H) in C
2(p+q)×2(p+q) given by
(z + jw) 7→ q =


z11 . . . z1,p+q w11 . . . w1,p+q
...
. . .
...
...
. . .
...
zp+q,1 . . . zp+q,p+q wp+q,1 . . . wp+q,p+q
−w¯11 . . . −w¯1,p+q z¯11 . . . z¯1,p+q
...
. . .
...
...
. . .
...
−w¯p+q,1 . . . −w¯p+q,p+q z¯p+q,1 . . . z¯p+q,p+q


.
The following result is an improved version of Lemma 6.1 of [8] and
Lemma 6.1 in [7]. Here we have applied the statement of Proposition 2.2.
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Lemma 8.1. For the indices 1 ≤ j, α ≤ 2(p + q) let qjα : Sp(p + q) → C
be the complex valued matrix coefficients of the standard representation of
Sp(p+ q) given by
qjα : q 7→ ej · q · e
t
α,
where {e1, . . . , e2(p+q)} is the canonical basis for C
2(p+q). Then the following
relations hold
τ(qjα) = −
2(p + q) + 1
2
· qjα and κ(qjα, qkβ) = −
1
2
· qjβqkα
Let Πp,q denote the set of permutations pi = (r1, r2, . . . , rp) such that
1 ≤ r1 < r2 < . . . , rp ≤ 2(p + q) and φpi : Sp(p + q) → C be the minor
associated with pi i.e.
φˆpi(q) = det


q1,r1 . . . q1,rp
...
. . .
...
qp,r1 . . . qp,rp

 .
Then we have the following result concerning the tension field τ and the
conformality operator κ on the Lie group Sp(p+ q).
Theorem 8.2. The set Eˆp = {φˆpi |pi ∈ Πp,q} of complex-valued functions is
an eigenfamily on the quaternionic unitary group Sp(p + q), such that for
all φˆ, ψˆ ∈ Eˆp
τ(φˆ) = −2 p q · φˆ and κ(φˆ, ψˆ) = −p · φˆ · ψˆ.
Proof. The technique used for proving Theorem 6.2 works here as well. 
If φˆ ∈ Eˆp and q1 ∈ Sp(p) × Sp(q) then φˆpi(q1 · q2) = φˆpi(q2), for every
q2 ∈ Sp(p+ q). This mean that φˆ induces a well-defined function
φ : Sp(p+ q)/Sp(p)× Sp(q)→ C
on the quotient space.
Theorem 8.3. The set Ep = {φpi |pi ∈ Πp,q} of complex-valued functions on
the quaternionic Grassmannian Sp(p+ q)/Sp(p)×Sp(q) is an eigenfamily,
such that for all φ,ψ ∈ Ep
τ(φ) = −2 p q · φ and κ(φ,ψ) = −p · φ · ψ.
Proof. Here one can apply exactly the same arguments as for Theorem 6.3.

The next result is a quaternionic version of the complex Theorem 7.1.
Theorem 8.4. The set E∗p = {φ
∗
pi |pi ∈ Πp,q} of complex-valued functions on
the quaternionic flag manifold F∗(p, q1, . . . , qt) is an eigenfamily, such that
for all φ∗, ψ∗ ∈ E∗p
τ(φ∗) = −2 p q · φ∗ and κ(φ∗, ψ∗) = −p · φ∗ · ψ∗.
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Proof. The natural projection F∗(p, q1, . . . , qt) → Gp(H
p+q) is a harmonic
morphism with dilation Λ ≡ 1. The statement now follows from Proposition
5.1. 
9. The Duality
In this section we describe a general duality principle. This was introduced
in the paper [11] and has turned out to be very useful in several interesting
situations.
Let (M,g) be a connected symmetric space of non-compact type and G
be the connected component of its semi-simple isometry group containing
the neutral element e ∈ G. Further let K be the maximal compact subgroup
of G. Then we have the Cartan decomposition
g = k+ p
of the Lie algebra of G where k is the Lie algebra of K. Let GC denote
the complexification of G and U be the compact subgroup of GC with Lie
algebra
u = k+ ip.
Let GC be equipped with a left-invariant semi-Riemannian metric which
is a multiple of the Killing form by a negative constant. Then the subgroup
U of GC is Riemannian and G is semi-Riemannian.
Let f : W → C be a real analytic function from an open subset W of
G. Then f extends uniquely to a holomorphic function fC : WC → C from
some open subsetWC of GC. By restricting this to U ∩WC we obtain a real
analytic function f∗ : W ∗ → C on some open subset W ∗ of U . The function
f∗ is called the dual function of f .
Theorem 9.1. [11] A complex-valued function f : W → C is proper r-
harmonic if and only if its dual f∗ :W ∗ → C is proper r-harmonic.
Proof. For a proof of this result we recommend Section 8 of [7]. 
In Sections 6 and 8 we have constructed eigenfamilies on the compact
Riemannian symmetric spaces
U(p+ q)/U(p)×U(q) and Sp(p+ q)/Sp(p)× Sp(q).
The duality principle, presented in Theorem 9.1, provides the same for their
non-compact dual spaces
U(p, q)/U(p)×U(q) and Sp(p, q)/Sp(p)× Sp(q).
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